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COUNTABLY COMPACT GROUP TOPOLOGIES ON
NON-TORSION ABELIAN GROUPS OF SIZE CONTINUUM WITH
NON-TRIVIAL CONVERGENT SEQUENCES
MATHEUS KOVEROFF BELLINI, ANA CAROLINA BOERO, IRENE CASTRO PEREIRA,
VINICIUS DE OLIVEIRA RODRIGUES, ARTUR HIDEYUKI TOMITA
Abstract. Under p = c, we answer Question 24 of [6] for cardinality c , by
showing that if a non-torsion Abelian group of size continuum admits a countably
compact Hausdorff group topology, then it admits a countably compact Hausdorff
group topology with non-trivial convergent sequences.
1. Introduction
1.1. Some history. Under Martin’s Axiom, Dikranjan and Tkachenko [7] showed
that if G is a non-torsion Abelian group of size continuum, then the following
conditions are equivalent:
• G admits a countably compact Hausdorff group topology;
• G admits a countably compact Hausdorff group topology without non-trivial
convergent sequences;
• the free rank of G is equal to c and, for all d, n ∈ N with d | n, the group
dG[n] is either finite or has cardinality c.
Boero and Tomita [3] obtained the same characterization assuming the existence of
c many incomparable selective ultrafilters (according to the Rudin-Keisler ordering).
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In [6], Dikranjan and Shakhmatov asked (see Question 24) whether an infinite
group admitting a countably compact Hausdorff group topology can be endowed with
a countably compact Hausdorff group topology that contains a nontrivial convergent
sequence. They also asked a similar question for pseudocompact groups and this was
solved by Galindo, Garcia Ferreira and Tomita [8].
In [8], it was also noted that if a torsion Abelian group admits a countably compact
group topology then it admits a countably compact group topology with a non-trivial
convergent sequence.
Boero, Garcia Ferreira and Tomita [2] showed that the existence of c selective
ultrafilters implies that the free Abelian group of cardinality c admits a group
topology that makes it countably compact with a non-trivial convergent sequence.
In this article, we give under p = c a partial answer to Question 24 of [6], by
showing that if a non-torsion Abelian group of size continuum admits a countably
compact Hausdorff group topology, then it admits a countably compact Hausdorff
group topology with non-trivial convergent sequences.
The construction uses the techniques to construct countably compact group
topologies without non-trivial convergent sequences, but to make a sequence
convergent is harder and some new ideas are developed to cover some cases that
do not appear in free Abelian groups. The sequence used in [2] did not work in
this construction. The method presented does not guarantee a great number of
convergent sequences. One cannot expect to produce convergent subsequences to
all sequences, as Tomita [9] showed that there are no sequentially compact group
topologies on an infinite free Abelian group.
1.2. Basic results, notation and terminology. In what follows, all group
topologies are assumed to be Hausdorff. We recall that a topological space X is
countably compact if every infinite subset of X has an accumulation point.
The following definition was introduced in [1] and is closely related to countable
compactness.
Definition 1.1. Let p be a free ultrafilter on ω and let s : ω → X be a sequence
in a topological space X. We say that x ∈ X is a p-limit point of s if, for every
neighborhood U of s, {n ∈ ω : s(n) ∈ U} ∈ p. In this case, if X is a Hausdorff space,
we write x = p− lim s.
The set of all free ultrafilters on ω will be denoted by ω∗. It is not difficult to show
that a T1 topological space X is countably compact if, and only if, each sequence in
X has a p-limit point, for some p ∈ ω∗.
Proposition 1.2. If p ∈ ω∗ and (Xi : i ∈ I) is a family of topological spaces, then
(yi)i∈I ∈
∏
i∈I Xi is a p-limit point of a sequence ((x
n
i )i∈I : n ∈ ω) in
∏
i∈I Xi if, and
only if, yi = p− lim(x
n
i : n ∈ ω) for every i ∈ I.
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Proposition 1.3. Let G be a topological group and p ∈ ω∗.
(1) If (xn : n ∈ ω) and (yn : n ∈ ω) are sequences in G and x, y ∈ G are
such that x = p − lim(xn : n ∈ ω) and y = p − lim(yn : n ∈ ω), then
x+ y = p− lim(xn + yn : n ∈ ω);
(2) If (xn : n ∈ ω) is a sequence in G and x ∈ G is such that x = p − lim(xn :
n ∈ ω), then −x = p− lim(−xn : n ∈ ω).
A pseudointersection of a family G of sets is an infinite set that is almost contained
in every member of G. We say that a family G of infinite sets has the strong finite
intersection property (SFIP, for short) if every finite subfamily of G has infinite
intersection. The pseudointersection number p is the smallest cardinality of any
G ∈ [ω]ω with SFIP but with no pseudointersection.
We denote the set of positive natural numbers by N, the integers by Z, the rationals
by Q and the reals by R. The unit circle group T will be identified with the metric
group (R/Z, δ) where δ is given by δ(x + Z, y + Z) = min{|x − y + a| : a ∈ Z} for
every x, y ∈ R. Given a subset A of T, we will denote by δ(A) the diameter of A
with respect to the metric δ. The set of all non-empty open arcs of T will be denoted
by B.
Let X be a set and G be a group. We denote by GX the product
∏
x∈X Gx where
Gx = G for every x ∈ X . The support of f ∈ G
X is the set {x ∈ X : f(x) 6= 0},
which will be designated as supp f . The set {f ∈ GX : | supp f | < ω} will be denoted
by G(X).
The torsion part T (G) of an Abelian group G is the set {x ∈ G : nx =
0 for some n ∈ N}. Clearly, T (G) is a subgroup of G. For every n ∈ N, we put
G[n] = {x ∈ G : nx = 0}. In the case G = G[n], we say that G is of exponent n
provided that n is the minimal positive integer with this property. The order of an
element x ∈ G will be denoted by o(x).
A non-empty subset S of an Abelian group G is said to be independent if 0 6∈ S
and, given distinct elements s1, . . . , sn of S and integers m1, . . . , mn, the relation
m1s1 + . . . + mnsn = 0 implies that misi = 0 for all i. This definition implies at
once that the group G is a direct sum of cyclic groups if and only if it is generated
by an independent subset. The free rank r(G) of G is the cardinality of a maximal
independent subset of G such that all of its elements have infinite order. It is easy
to verify that r(G) = |G/T (G)| if r(G) is infinite.
The following definition was introduced in [7].
Definition 1.4. Let G be an Abelian group and n ∈ N \ {1}. A countably infinite
subset S of G is said to be n-round if nS = {0} and the restriction of the group
homomorphism
ϕd : G → G
x 7→ dx
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to S is finite-to-one for every proper divisor d of n.
Proofs of the following proposition can also be found in [7].
Proposition 1.5. Every infinite set in an Abelian group G of exponent n contains
a subset of the form T + z, where z ∈ G and T is a d-round subset of G for some
divisor d of n.
Proposition 1.6. Let G be a non-torsion Abelian group that admits a countably
compact group topology. If a subset S of an Abelian group G is n-round for some n,
then G contains an isomorphic copy of the group Z
(c)
n .
We end this section by presenting some notations that will be used throughout
this article.
Let H ∈ (Q/Z)(P0×ω) ⊕Q(P1). If x ∈ P0 × ω and y ∈ P1, then
H(x) =
p(H, x)
q(H, x)
+ Z
where p(H, x), q(H, x) ∈ Z, q(H, x) > 0, gcd{p(H, x), q(H, x)} = 1 and 0 ≤
p(H, x) < q(H, x) and
H(y) =
p(H, y)
q(H, y)
where p(H, y), q(H, y) ∈ Z, q(H, y) > 0 and gcd{p(H, y), q(H, y)} = 1.
Also, define
d(H) = lcm{q(H, x) : x ∈ suppH}}.
If x ∈ P0 × ω and y ∈ P1, put
a(H, x) = p(H, x)
d(H)
q(H, x)
and
a(H, y) = p(H, y)
d(H)
q(H, y)
.
Finally, set
p(H) = max{|p(H, y)| : y ∈ suppH}
and
q(H) = max{q(H, y) : y ∈ suppH}.
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2. Countably compact group topologies with convergent sequences
The following theorem is the Proposition 2.4 of [3].
Proposition 2.1. Let G be an Abelian group such that
• |G| = |G/T (G)| = c, and
• ∀n, d ∈ N (d | n→ |dG[n]| < ω or |dG[n]| = c).
Let {P0, P1} be a partition of c such that |P0| = |P1| = c and ω ⊂ P1. Then there
exists a group monomorphism ϕ : G→ (Q/Z)(P0×ω) ⊕Q(P1) such that
{(0, χξ) ∈ (Q/Z)
(P0×ω) ⊕Q(P1) : ξ ∈ L1} ⊂ ϕ[G]
and
{(yξ, 0) ∈ (Q/Z)
(P0×ω) ⊕Q(P1) : ξ ∈ ∪n∈DLn} ⊂ ϕ[G]
where χξ : P1 → Q is given by
χξ(µ) =
{
1 if µ = ξ
0 if µ 6= ξ
for every ξ ∈ P1, L1 ∈ [P1]
c is such that ω ⊂ L1, D is the set of all integers n > 1
such that G contains an isomorphic copy of the group Z
(c)
n and {Ln : n ∈ D} is a
family of pairwise disjoint elements of [P0]
c satisfying
• o(yξ) = n ∀ξ ∈ Ln, n ∈ D and
• supp yξ ⊂ {ξ} × ω ∀ξ ∈ ∪n∈DLn.
We will show that G admits a countably compact Hausdorff group topology with
non-trivial convergent sequences. Since G is isomorphic to ϕ[G], it suffices to endow
any isomorphic copy of ϕ[G] with such a topology. Therefore, from now on, we will
identify G with ϕ[G] and consider G to be a subgroup of (Q/Z)(P0×ω) ⊕ Q(P1) as in
Proposition 2.1.
Our strategy is to construct a group monomorphism Φ : (Q/Z)(P0×ω)⊕Q(P1) → Tc
so that Φ[G] is countably compact and has non-trivial convergent sequences when
endowed with the subspace topology induced by Tc. Such an embedding will be
obtained “coordinate by coordinate” — that is, for each α < c we will construct
a group homomorphism φα : (Q/Z)
(P0×ω) ⊕ Q(P1) → T satisfying four significant
conditions and Φ will be the diagonal product of the family {φα : α < c}. One
of these conditions will guarantee that Φ is injective, two of them will ensure that
Φ[G] is countably compact and the other one will witness that Φ[G] has non-trivial
convergent sequences.
Each mapping φα will be defined in two stages: we will first construct a group
homomorphism from a countable subgroup of (Q/Z)(P0×ω)⊕Q(P1) into T by induction
and then we will extend it to the whole group (Q/Z)(P0×ω)⊕Q(P1). In every inductive
step, we will approximate the values of the group homomorphism by non-empty
6 M. K. BELLINI, A. C. BOERO, I. CASTRO-PEREIRA, V. O. RODRIGUES, A. H. TOMITA
open arcs of T with suitable properties. To make this possible, we must deal with
appropriate families of sequences in G which we will start to sort now.
Definition 2.2. Let g : ω → G ⊂ (Q/Z)(P0×ω) ⊕ Q(P1). Write g = g0 + g1 with
supp g0(n) ⊂ P0×ω and supp g1(n) ⊂ P1 for all n ∈ ω. Also write g1 = g1,0+ g1,1 in
the unique way such that for all n ∈ ω, supp g1,0(n) ⊂ ω and supp g1,1(n) ⊂ P1\ω.
We say that g is of type 1 if supp g1,1(n) \∪m<n supp g1,1(m) 6= ∅ for every n ∈ ω.
We say that g is of type 2 if q(g1,1(n)) > n for every n ∈ ω.
We say that g is of type 3 if {q(g1,1(n)) : n ∈ ω} is bounded and p(g1,1(n)) > n
for every n ∈ ω.
We say that g is of type 4 if q(g1,0(n)) > n for every n ∈ ω.
We say that g is of type 5 if there exists M ∈
⋂
n∈ω supp g1,0(n) such that
{q(g(n)(M)) : n ∈ ω} is bounded and |p(g(n)(M))| > n for every n ∈ ω.
We say that g is of type 6 if for each n ∈ ω, there exists Mn ∈ supp g1,0(n) \
∪m<n supp g1,0(m) such that {
g(n)(Mn)
Mn!
: n ∈ ω
}
→ 0
strictly monotonically.
We say that g is of type 7 if for each n ∈ ω, there exists Mn ∈ supp g1,0(n) \
∪m<n supp g1,0(m) such that{
g(n)(Mn)
Mn!
: n ∈ ω
}
→ ξ ∈ R \Q
strictly monotonically.
We say that g is of type 8 if for each n ∈ ω, there exists Mn ∈ supp g1,0(n) \
∪m<n supp g1,0(m) such that{
g(n)(Mn)
Mn!
: n ∈ ω
}
→ r ∈ {−∞,+∞}
strictly monotonically.
We say that g is of type 9 if
{
g(n)(M)
M !
: M ∈ supp g1,0(n), n ∈ ω
}
is finite and
| supp g1,0(n)| > n for every n ∈ ω.
We say that g is of type 10 if {q(g1,0(n)) : n ∈ ω} and {p(g1,0(n)) : n ∈ ω} are
bounded and supp g1,0(n) \ ∪m<n supp g1,0(m) 6= ∅ for every n ∈ ω.
We say that g is of type 11 if q(g0(n)) > n for every n ∈ ω.
We say that g is of type 12 if
• supp g0(n) \ ∪m<n supp g0(n) 6= ∅ for every n ∈ ω,
• g1(n) = 0 for every n ∈ ω,
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• there exists k ∈ D such that o(g(n)) = k for every n ∈ ω and
• {g(n) : n ∈ ω} is a k-round subset of G.
We let H be the set of the constant sequence equal to 0 and of all sequences of type
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 or 12.
The set H enables us not only to “recover” a subsequence of any sequence in G
but also to construct the coordinates φα of the embedding Φ. The following two
propositions support these statements. Their proofs will be presented in Sections 3
and 4.
Proposition 2.3. If g : ω → G ⊂ (Q/Z)(P0×ω)⊕Q(P1), then there exist l < 2, h ∈ H,
c ∈ G, F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F , {M
i
n : n ∈ ω} ⊂ ω such
that qi | M
i
n for every i ∈ F and j : ω → ω strictly increasing such that
g ◦ j(n) = lh(n) + c−
∑
i∈F
pi
qi
f(M in)
for every n ∈ ω, where f : ω → G is given by f(n) = (0, n!χn) for every n ∈ ω.
Before stating the next proposition, we fix an enumeration {Hα : α < c} of
(Q/Z)P0×ω ⊕ Q(P1) \ {(0, 0)}. We also fix an enumeration {hξ : ξ ∈ J1 ∪
⋃
n∈D Jn}
of H, where J1 ∈ [L1]
c and Jn ∈ [Ln]
c for every n ∈ D, satisfying the following
conditions:
• if ξ ∈ J1, then hξ is of type i ∈ {1, . . . , 11} or hξ is 0;
• if there exists k ∈ D such that ξ ∈ Jk, then hξ is of type 12 and o(hξ(n)) = k
for every n ∈ ω;
•
⋃
n∈ω supp hξ(n) ⊂ (ξ × ω) ∪ ξ for every ξ ∈ J1 ∪
⋃
n∈D Jn.
We may write hξ = h
0
ξ + h
1,0
ξ + h
1,1
ξ in the only way such that supp h
0
ξ ⊂ P0 × ω,
supp h1,0ξ ⊂ ω, supp h
1,1
ξ ⊂ P1 \ ω, and let h
1
ξ = h
1,0
ξ + h
1,1
ξ .
Proposition 2.4 (p = c). For each α < c and each ξ ∈ J1 ∪
⋃
n∈D Jn there exists
Sξ,α ∈ [ω]
ω such that if α < β < c, then Sξ,β ⊂
∗ Sξ,α. There also exists a group
homomorphism φα : (Q/Z)
(P0×ω) ⊕Q(P1) → T satisfying the following conditions:
(i) φα(Hα) 6= 0 + Z;
(ii) if ξ ∈ J1, then the sequence (φα(hξ(n)) : n ∈ Sξ,α) converges to φα(0, χξ);
(iii) if ξ ∈
⋃
n∈D Jn, then the sequence (φα(hξ(n)) : n ∈ Sξ,α) converges to
φα(yξ, 0);
(iv) for each p ∈ Z\{0}, the sequence
(
φα
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to 0+Z.
We end this section by showing how Propositions 2.3 and 2.4 can be used to endow
a non-torsion Abelian group of size continuum that admits a countably compact
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Hausdorff group topology with a countably compact Hausdorff group topology
containing non-trivial convergent sequences.
Theorem 2.5 (p = c). If G is an Abelian group such that |G| = |G/T (G)| = c and
∀n, d ∈ N (d | n→ |dG[n]| < ω or |dG[n]| = c), then G admits a countably compact
Hausdorff group topology with non-trivial convergent sequences.
Proof. It follows from Proposition 2.4 (i) that
Φ : (Q/Z)(P0×ω) ⊕Q(P1) → Tc
H 7→ Φ(H)
given by Φ(H)(α) = φα(H) for every α < c is a group monomorphism. Thus, Φ[G] is
isomorphic to G and since Tc is a Hausdorff topological group, the subspace topology
induced by Tc turns Φ[G] into a Hausdorff topological group.
It follows from Proposition 2.4 (iv) that if p ∈ Z \ {0}, then the sequence(
Φ
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to 0.
Let g : ω → Φ[G]. It follows from Proposition 2.3 that there exist l < 2,
ξ ∈ J1 ∪
⋃
n∈D Jn, c ∈ G, F ∈ [ω]
<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F ,
{M in : n ∈ ω} such that qi | M
i
n for every i ∈ F and a strictly increasing function
j : ω → ω such that
Φ−1 ◦ g ◦ j(n) = lhξ(n) + c−
∑
i∈F
pi
qi
f(M in)
for every n ∈ ω, where f : ω → G is given by f(n) = (0, n!χn) for every n ∈ ω.
Fix pξ ∈ ω
∗ containing {Sξ,α : α < c}. According to Proposition 2.4 (ii) and (iii),
the sequence (φα(hξ(n)) : n ∈ Sξ,α) converges to φα(0, χξ) (respectively, φα(yξ, 0)) if
ξ ∈ L1 (respectively, ξ ∈
⋃
n∈D Jn) for every α < c. Thus, if ξ ∈ J1, then
φα(0, χξ) = pξ − lim(φα(hξ(n)) : n ∈ ω)
for every α < c and if ξ ∈
⋃
n∈D Jn, then
φα(yξ, 0) = pξ − lim(φα(hξ(n)) : n ∈ ω)
for every α < c. It follows from Proposition 1.2 that ξ ∈ J1, then
Φ(0, χξ) = pξ − lim(Φ(hξ(n)) : n ∈ ω)
and if ξ ∈
⋃
n∈D Jn, then
Φ(yξ, 0) = pξ − lim(Φ(hξ(n)) : n ∈ ω).
COUNTABLY COMPACT GROUP TOPOLOGIES WITH CONVERGENT SEQUENCES 9
Since the sequence
(
Φ
(
0, 1
qi
n!χn
)
: n ∈ ω
)
converges to 0 for each i ∈ F , it follows
from Proposition 1.3 that if ξ ∈ J1, then
Φ(l(0, χξ) + c) = pξ − lim
(
Φ
(
lhξ(n) + c−
∑
i∈F
pi
qi
f(M in)
)
: n ∈ ω
)
and if ξ ∈
⋃
n∈D Jn, then
Φ(l(yξ, 0) + c) = pξ − lim
(
Φ
(
lhξ(n) + c−
∑
i∈F
pi
qi
f(M in)
)
: n ∈ ω
)
.
Consequently, Φ(l(0, χξ) + c) (respectively, Φ(l(yξ, 0) + c)) is an accumulation point
of (g(n) : n ∈ ω) if ξ ∈ J1 (respectively, if ξ ∈
⋃
n∈D Jn). 
Since p = c implies that an Abelian group G satisfying |G| = |G/T (G)| = c
and ∀n, d ∈ N (d | n → |dG[n]| < ω or |dG[n]| = c) admits a countably compact
Hausdorff group topology (see, for instance, [3]), the following corollary holds.
Corollary 2.6 (p = c). If G is a non-torsion Abelian group of size continuum that
admits a countably compact Hausdorff group topology, then G admits a countably
compact Hausdorff group topology with non-trivial convergent sequences.
3. Proof of Proposition 2.3
Proposition 2.3. If g : ω → G ⊂ (Q/Z)(P0×ω)⊕Q(P1), then there exist l < 2, h ∈ H,
c ∈ G, F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F , {M
i
n : n ∈ ω} such that
qi |M
i
n for every i ∈ F and j : ω → ω strictly increasing such that
g ◦ j(n) = lh(n) + c−
∑
i∈F
pi
qi
f(M in)
for every n ∈ ω, where f : ω → G is given by f(n) = (0, n!χn) for every n ∈ ω.
Proof. Write g = g0 + g1,0 + g1,1 in the only way such that supp g0 ⊂ P0 × ω,
supp g1,0 ⊂ ω, supp g1,1 ⊂ P1 \ ω, and let g1 = g1,0 + g1,1. There exist nine cases to
consider.
In the first three cases, we assume (‡): there exists J0 ∈ [ω]
ω such that g1|J0 is
constant.
Case 1: (‡) and {q(g0(n)) : n ∈ J0} is unbounded.
By induction, define a strictly increasing sequence (nk : k ∈ ω) of elements of J0 such
that q(g0(nk)) > k for each k ∈ ω. The function j : ω → ω defined by j(k) = nk for
each k ∈ ω is strictly increasing and g ◦ j is of type 11.
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Case 2: (‡) and {q(g0(n)) : n ∈ J0} is bounded and
⋃
n∈J0
supp g0(n) is infinite.
Since
⋃
n∈J0
supp g0(n) is infinite, there exists J1 ∈ [J0]
ω such that supp g0(n) \
∪m<n,m∈J1 supp g0(m) 6= ∅ for every n ∈ J1. We have that {g(n) : n ∈ J1} is an
infinite subset of G and so is S = {g(n) − g(n0) : n ∈ J1}, where n0 ∈ J1 is a
fixed element. Since {q(g0(n)) : n ∈ J1} is bounded, there exists a natural number
k > 1 such that kS = {0}. Thus, there exist T ⊂ G infinite and z ∈ G such that
T + z ⊂ S and T is d-round, for some divisor d of k. Let J2 ∈ [J1]
ω such that
T + z = {g(n)− g(n0) : n ∈ J2}. In other words, T = {g(n)− g(n0) − z : n ∈ J2}.
T is d-round, so dT = {0}. Therefore, there exist J3 ∈ [J2]
ω and r a divisor of d
such that o(g(n) − g(n0) − z) = r for every n ∈ J3. Observe that r ∈ D, since
{g(n) − g(n0) − z : n ∈ J3} is r-round. Put c = −g(n0) − z and recursively define
j : ω → J3 strictly increasing such that, supp(g◦j(n)−c)\∪m<n supp(g◦j(m)−c) 6= ∅
for every n ∈ ω. Note that the sequence (g ◦ j(n) + c : n ∈ ω) is of type 12.
Case 3: (‡) and {q(g0(n) : n ∈ J0)} is bounded and
⋃
n∈J0
supp g0(n) is finite.
There exists a strictly increasing function j : ω → J0 such that g ◦ j(n) is constant.
For the next three cases there will be no extra assumptions.
Case 4:
⋃
n∈ω supp g1,1(n) is infinite.
By induction, define a strictly increasing sequence (nk : k ∈ ω) of natural numbers
such that supp g1,1(nk+1) \ ∪l<k+1 supp g1,1(nl) 6= ∅. The function j : ω → ω defined
by j(k) = nk for each k ∈ ω is strictly increasing and g ◦ j is of type 1.
Case 5:
⋃
n∈ω supp g1,1(n) is finite and {q(g1,1(n)) : n ∈ ω} is unbounded.
By induction, define a strictly increasing sequence {nk : k ∈ ω} of natural numbers
such that q(g1,1(nk)) > k for each k ∈ ω. The function j : ω → ω defined by
j(k) = nk for each k ∈ ω is strictly increasing and g ◦ j is of type 2.
Case 6:
⋃
n∈ω supp g1,1(n) is finite, {q(g1,1(n)) : n ∈ ω} is bounded and {p(g1,1(n)) :
n ∈ ω} is unbounded.
By induction, define a strictly increasing sequence (nk : k ∈ ω) of natural numbers
such that p(g1,1(nk)) > k for each k ∈ ω. The function j : ω → ω defined by
j(k) = nk for each k ∈ ω is strictly increasing and g ◦ j is of type 3.
For the last three cases, we shall consider that
⋃
n∈ω supp g1,1(n) is finite and that
{q(g1,1(n)) : n ∈ ω} and {p(g1,1(n)) : n ∈ ω} are bounded. So, there exists J0 ∈ [ω]
ω
such that g1,1|J0 is constant.
Case 7: {q(g1,0(n)) : n ∈ J0} is unbounded.
By induction, define a strictly increasing sequence (nk : k ∈ ω) of elements of J0 such
that q(g1,0(nk)) > k for each k ∈ ω. The function j : ω → ω defined by j(k) = nk
for each k ∈ ω is strictly increasing and g ◦ j is of type 4.
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Case 8: {q(g1,0(n)) : n ∈ J0} is bounded and {p(g1,0(n)) : n ∈ J0} is unbounded.
Let
Q =
{
g(n)(M)
M !
: M ∈ supp g1,0(n), n ∈ J0
}
.
Q is infinite: There exist J1 ∈ [J0]
ω and (Mn : n ∈ J1) such that Mn ∈ supp g1,0(n)
and (
g(n)(Mn)
Mn!
: n ∈ J1
)
→ r
strictly monotonically for some r ∈ [−∞,+∞]. We can suppose that Mn 6∈
∪m<n,m∈J1 supp g1,0(m) for every n ∈ J1 or that {Mn : n ∈ J1} is a singleton.
Suppose that the first case occurs. If r = 0, then g ◦ j is of type 6, where j : ω → J1
is the order isomorphism. Analogously, if r ∈ R \ Q, then g ◦ j is of type 7 and if
r ∈ {−∞,+∞}, then g◦j is of type 8. If r ∈ Q\{0}, let g˜ : ω → (Q/Z)(P0×ω)⊕Q(P1)
be such that g˜(n) = g(n)−rf(Mn) for every n ∈ J1. Since (Mn : n ∈ J1) is injective,
there exists a cofinite subset J2 of J1 such that g˜(n) ∈ G for every n ∈ J2. Note that
there exists J3 ∈ [J2]
ω such that(
g˜(n)(Mn)
Mn!
: n ∈ J3
)
→ 0
strictly monotonically. Let j : ω → J3 be an order isomorphism. Then g˜ ◦ j is of
type 6 and g ◦ j(n) = g˜ ◦ j(n) + rf(Mn) for every n ∈ ω. Now, suppose that there
exists M ∈ ω such that Mn = M for every n ∈ J1. Since(
g(n)(M)
M !
: n ∈ J1
)
is injective and {q(g(n),M) : n ∈ J1} is bounded, there exists J2 ∈ [J1]
ω such that
|p(g(n),M)| > n for every n ∈ J2. Hence, g ◦ j is of type 5, where j : ω → J2 is the
order isomorphism .
Q is finite: Either there exists a strictly growing sequence u : ω → J0 such
that | supp g1,0(u(n))| > n for every n ∈ ω or there exists J1 ∈ [J0]
ω such that
{| supp g1,0(n)| : n ∈ J1} is a singleton. In the first case, g ◦ u is of type 9. Suppose
that there exists k ∈ ω such that | supp g1,0(n)| = k for every n ∈ J1 and write
supp g1,0(n) = {M
n
0 , . . . ,M
n
k−1}, where M
n
i 6= M
n
i′ if i 6= i
′. Since Q is finite, there
exist J2 ∈ [J1]
ω and p0/q0, . . . , pk−1/qk−1 ∈ Q \ {0} such that
g(n)(Mni )
Mni !
=
pi
qi
for all n ∈ J2 and i < k. By refining J2 (if necessary), we can suppose that for each
i < k, (Mni : n ∈ ω) is either constant or injective with qi ≤ M
n
i for every n ∈ J2.
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Let K0 = {i < k : {M
n
i : n ∈ J2} is a constant sequence} and K1 = k \ K0. Let
gˆ : ω → (Q/Z)(P0×ω) ⊕Q(P1) be such that
gˆ(n) = g(n)−
∑
i∈K1
pi
qi
f(Mni )
for every n ∈ J2. Observe that gˆ(n) ∈ G for every n ∈ J2 and that gˆ1,0|J2 is a constant
sequence. Since gˆ1,1(n) = g1,1(n) for every n ∈ J2, we conclude that (gˆ1(n) : n ∈ J2)
is constant. If {q(gˆ0(n)) : n ∈ J2} is unbounded, we proceed as in Case 1. If
{q(gˆ0(n)) : n ∈ J2} is bounded and
⋃
n∈J2
supp gˆ0(n) is infinite, we proceed as in
Case 2. Finally, if {q(gˆ0(n)) : n ∈ J2} is bounded and
⋃
n∈J2
supp gˆ0(n) is finite, we
proceed as in Case 3.
Case 9: {q(g1,0(n) : n ∈ J0} and {p(g1,0(n)) : n ∈ J0} are bounded and⋃
n∈J0
supp g1,0(n) is infinite.
By induction, define a strictly increasing sequence (nk : k ∈ ω) of elements of J0
such that supp g1,0(nk+1) \ ∪l<k+1 supp g1,0(nl) 6= ∅. The function j : ω → ω defined
by j(k) = nk for each k ∈ ω is strictly increasing and g ◦ j is of type 10.
Now, if cases 6 to 9 do not hold then g1,1|J0 is constant,
⋃
n∈J0
supp g1,0(n) is finite
and {q(g1,0(n)) : n ∈ J0} and {p(g1,0(n)) : n ∈ J0} are bounded. Therefore, there
exists a strictly increasing function j : ω → ω such that g1,0 ◦ j is constant and (‡) is
satisfied. 
4. Proof of Proposition 2.4
This section is devoted to prove Proposition 2.4. As mentioned, we will concern
ourselves primarily with the construction of group homomorphisms from countable
subgroups of (Q/Z)(P0×ω) ⊕ Q(P1) into T. These countable subgroups will be of the
form (Q/Z)((P0∩E)×ω) ⊕ Q(P1∩E) for some E ∈ [c]ω and the following proposition
ensures the existence of a suitable E and can be proved by an easy closing off
argument.
Proposition 4.1. Let α < c. There exists E ∈ [c]ω such that
(i) suppHα ⊂ (E × ω) ∪ E,
(ii) ω ⊂ E,
(iii) |E ∩ (J1 ∪
⋃
n∈D Jn)| = ω and
(iv)
⋃
n∈ω supp hξ(n) ⊂ (E × ω) ∪ E for every ξ ∈ E ∩ (J1 ∪
⋃
n∈D Jn).
The next two lemmas will be necessary in the successor step of the induction in
Lemma 4.4. A proof of Lemma 4.3 can be found in [4].
Lemma 4.2. Let c, d ∈ Z \ {0}, ǫ > 0, a ∈ T and B = T or B ∈ B be such that
δ(B) ≥ ǫ and |d|ǫ > gcd(c, d). There exists x ∈ T such that dx = a and cx ∈ B.
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Proof. let e = gcd(c, d) and let c′, d′ ∈ Z be such that c = ec′ and d = ed′. Notice
that ǫ > 1
|d′|
. If B = T the proof is trivial, so suppose δ(B) ≥ ǫ and |d|ǫ > e.
Let a = a˜+ Z for some a˜ ∈ R. Since ǫ > 1
|d′|
, there exists l ∈ Z such that:
ca˜
d
+
l
d′
+ Z ∈ B.
Since gcd(c′, d′) = 1, there exists u, v ∈ Z such that uc′ + vd′ = l. Now, since
c
d
= c
′
d′
, it follows that:
ca˜
d
+
uc
d
+ Z ∈ B.
So let x = a˜+u
d
+ Z and we are done. 
Kronecker’s Lemma says that if {1, ξ0, . . . , ξk−1} is a linearly independent subset
of the vector space R over the field Q, then {(ξ0n, . . . , ξk−1n) + Z
k : n ∈ Z} is a
dense subset of the product of k tori (see, for instance, [5]). If ξ ∈ R \ Q, then
{(x, ξx) + Z2 : x ∈ R} is a dense subset of the torus T2 = R2/Z2. Thus, for each
ǫ > 0, there exists l(ǫ, ξ) > 0 such that if I ⊂ R is an interval of length greater than
l(ǫ, ξ), then {(x, ξx) + Z2 : x ∈ I} is ǫ-dense in T2.
Lemma 4.3. Let c1, c2 ∈ Z \ {0}, ǫ > 0 and B1, B2 ∈ B be such that δ(B1) ≥ ǫ
and δ(B2) ≥ ǫ. Suppose that there exist ξ ∈ R \ Q and a > l(ǫ/4, ξ) such that∣∣∣ c1c2a− ξa
∣∣∣ < ǫ4 . There exists x ∈ T such that c1x ∈ B1 and c2x ∈ B2.
Lemma 4.4. Let α < c and E ∈ [c]ω be as in Proposition 4.1. For each
ξ ∈ E ∩ (J1 ∪
⋃
n∈D Jn), let Rξ ∈ [ω]
ω. There exists a group homomorphism
φα,E : (Q/Z)
((P0∩E)×ω) ⊕Q(P1∩E) → T satisfying the following conditions:
(i) φα,E(Hα) 6= 0 + Z;
(ii) for each ξ ∈ E ∩ J1, there exists Sξ ∈ [Rξ]
ω such that the sequence
(φα,E(hξ(n)) : n ∈ Sξ) converges to φα,E(0, χξ);
(iii) for each ξ ∈ E ∩
⋃
n∈D Jn, there exists Sξ ∈ [Rξ]
ω such that the sequence
(φα,E(hξ(n)) : n ∈ Sξ) converges to φα,E(yξ, 0);
(iv) for each p ∈ Z \ {0}, the sequence
(
φα,E
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to
0 + Z.
Proof. Denote by P the set of all prime numbers. Let {pn : n ∈ ω} be an enumeration
of P such that |{n ∈ ω : p = pn}| = ω for every p ∈ P. We may write
Hα = H0 +H1,0 +H1,1 in the only way such that suppH0 ⊂ P0 × ω, suppH1,0 ⊂ ω,
suppH1,1 ⊂ P1 \ ω, and let H1 = H1,0 +H1,1.
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Let {θn : n ∈ ω} be an enumeration of E ∩ (J1 ∪
⋃
n∈D Jn) such that |{n ∈ ω : ξ =
θn}| = ω for every ξ ∈ E ∩ (J1 ∪
⋃
n∈D Jn). Let also {e
0
n : n ∈ ω} be an enumeration
of (P0 ∩ E)× ω and {e
1
n : n ∈ ω} be an enumeration of P1 ∩ E.
For each m ∈ ω, let
Am =
{
∅ if θm ∈ J1
supp yθm if θm ∈
⋃
n∈D Jn.
Let Λ(ξ,n),k : (P0 ∩ E)× ω → T be given by
Λ(ξ,n),k(µ, l) =
{
1/k + Z if (µ, l) = (ξ, n)
0 + Z if (µ, l) 6= (ξ, n)
for all (ξ, n) ∈ (P0 ∩ E)× ω and k ∈ Z \ {0}.
Let cm, for each m ∈ ω, be given by
c0 =
{
d(H0) if θ0 ∈ L1
d(H0)d(yθ0, 0) if θ0 ∈
⋃
n∈D Ln,
cm+1 =
{
cm if θm+1 ∈ L1
cmd(yθm+1, 0) if θm+1 ∈
⋃
n∈D Ln.
Set G00 = suppH0 ∪ {e
0
0} ∪ A0 and let φ0 : 〈{Λ(θ,m),c0 : (θ,m) ∈ G
0
0}〉 → T be a
group homomorphism such that φ0(H0) 6= 0 + Z, if H0 6= 0.
Set also G10 = suppH1 ∪ {e
1
0} ∪B0, where
Bm =
{
{θm} if θm ∈ J1
∅ if θm ∈
⋃
n∈D Jn
for every m ∈ ω and let ψ0 : G
1
0 → B be such that
• δ(ψ0(ξ)) = r0/d(H1) for every ξ ∈ G
1
0, where r0 = 1/(4
∑
ξ∈P1
|a(Hα, ξ)|) and
• 0 + Z 6∈ φ0(H0) +
∑
ξ∈P1
a(H1, ξ)ψ0(ξ), if H1 6= 0.
This concludes the first step of the induction. Now, we will start the successor
stage. Fix m ∈ ω and suppose we have defined s0 = d(H1), b−1 = 0, bm−1 ∈
Rθm−1 (if m ≥ 1), rm > 0, sm > 0, G
0
m ∈ [P0 × ω]
<ω, G1m ∈ [P1]
<ω, φm :
〈{Λ(ξ,n),cm
∏
k<m d(h
0
θk
(bk)) : (ξ, n) ∈ G
0
m}〉 → T and ψm : G
1
m → B.
Claim 4.5. There exists bm ∈ Rθm, rm+1 > 0, sm+1 > 0 G
0
m+1 ∈ [P0 × ω]
<ω,
G1m+1 ∈ [P1]
<ω, φm+1 : 〈{Λ(ξ,n),cm+1
∏
k<m+1 d(h
0
θk
(bk)) : (ξ, n) ∈ G
0
m+1}〉 → T and
ψm+1 : G
1
m → B satisfying the following conditions:
(1) bm > bm−1;
(2) G0m+1 = G
0
m ∪ supp h
0
θm
(bm) ∪ {e
0
m+1} ∪Am+1;
(3) G1m+1 = G
1
m ∪ supp h
1
θm
(bm) ∪ {e
1
m+1} ∪Bm+1;
(4) rm+1 =
rm
4
∑
ξ∈P1
|a(hθm (bm),ξ)|(max{((G
1
m+1\G
1
m)∩ω)∪{0}}!)
;
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(5) sm+1 = smd(h
1
θm
(bm))pm;
(6) d(h1θm(bm))pmψm+1(ξ) ⊂ ψm(ξ) for every ξ ∈ G
1
m;
(7) δ(ψm+1(ξ)) = rm+1/sm+1 for every ξ ∈ G
1
m+1;
(8) smψm(θm) ∩ (φm+1(h
0
θm
(bm)) +
∑
ξ∈P1
a(hθm(bm), ξ)smpmψm+1(ξ)) 6= ∅ for
every θm ∈ J1;
(9) φm+1 ⊃ φm;
(10) φm+1(h
0
θm
(bm)) =
∑
(ξ,n)∈supp yθm∩G
0
m
a(yθm, (ξ, n))φm(Λ(ξ,n),d((yθm ,0)), for every
θm ∈
⋃
n∈D Jn;
(11) if n ∈ (G1m+1 \G
1
m)∩ω, then pmd(h
1
θm
(bm))n!ψm+1(n) is cointained in the arc
(−rm/sm, rm/sm) + Z.
Proof of the claim. Fix bm ∈ Rθm such that bm > bm−1 and
• supp h1,1θm(bm) \G
1
m 6= ∅, if hθm is of type 1;
• q(h1,1θm(bm))rm > 1, if hθm is of type 2;
• |p(hθm(bm), µ)|rm > 4q(hθm(bm), µ)pm for some µ ∈ supp h
1,1
θm
(bm), if hθm is of
type 3;
• q(h1,0θm(bm))rm > sm, if hθm is of type 4;
• |p(hθm(bm), n)|rm > 8n!q(hθm(bm), n)pm for some n ∈ supp hθm(bm), if hθm is
of type 5;
• n!pmrm > |hθm(bm)(n)|sm for some n ∈ supp h
1,0
θm
(bm) \G
1
m if hθm is of type 6;
•
∣∣∣hθm (bm)(n)n! a− ta∣∣∣ < rmpm32s2m for some n ∈ supp h1,0θm(bm) \G1m, if hθm is of type 7,
where a > l(rm/(32sm), t) is previously fixed and t ∈ R \Q witness that hθm
is of type 7.
• |hθm(bm)(n)|rm > 8pmn! for some n ∈ supp h
1,0
θm
(bm) \G
1
m, if hθm is of type 8;
• | supp h1,0θm(bm) \G
1
m|rmmin
{
hθm (n)(M)
M !
: M ∈ supp hθm(n), n ∈ ω
}
> 4, if hθm
is of type 9;
• n!rm > |hθm(bm)(n)|sm for some n ∈ supp h
1,0
θm
(bm) \G
1
m, if hθm is of type 10;
• q(h0θm(bm))rm > cm+1
∏
k<m d(h
0
θk
(bk)), if hθm is of type 11;
• supp hθm(bm) \G
0
m 6= ∅ and o(hθm(bm) ↾ supp hθm(bm) \G
0
m) = o(hθm(bm)), if
hθm is of type 12.
The type 12 case requires some explanation. Since hθm is of type 12, there exists
k ∈ D such that {hθm(b) : b ∈ ω} is a k-round subset of pairwise distict elements of G.
The set X = {b > bm−1 : supp hθm(b)\G
0
m 6= ∅} is infinite. Suppose by contradiction
that for every b ∈ X , o(hθm(b) ↾ supp hθm(b) \G
0
m) is a proper divisor of k. Since the
set of the proper divisors of the number k is finite, there exists a proper divisor d of
k such that X ′ = {b ∈ X : o(hθm(b) ↾ supp hθm(b) \ G
0
m) = d} is infinite. For each
element b of X ′, supp(dhθm(b)) ⊂ G
0
m. Since k{hθm(b) : b ∈ X
′} = {0}, it follows
that ϕd|{hθm (b):b∈ω} is not finite-to-one.
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If ξ ∈ G1m+1 \ supp hθm(bm), let ψm+1(ξ) be an element of B satisfying (6), (7) and
(11). If hθm is of type i ∈ {1, . . . , 10}, extend φm to φm+1 using the divisibility of
T. It remains to define φm+1 when hθm is of type i ∈ {11, 12} and ψm+1(ξ) for each
ξ ∈ supp h1θm(bm).
Case 1: hθm is of type 1.
Fix µ ∈ supp h1,1θm(bm) \G
1
m.
If ξ ∈ supp h1θm(bm) ∩ G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ (supp h1θm(bm) \G
1
m) ∩ ω, set zξ = 0 + Z.
If ξ ∈ [supp h1θm(bm) \ (G
1
m ∪ ω)] \ {µ}, let zξ be any element of T.
Let d = a(hθm(bm), µ)smpm, and a be the middle point of smψm(θm) −∑
ξ∈P1\{µ}
a(hθm(bm), ξ)smpmzξ − φm+1(h
0
θm
(bm)). Since T is divisible, let zµ ∈ T be
such that dzµ = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 2: hθm is of type 2.
Fix µ ∈ supp h1,1θm(bm) such that q(hθm(bm), µ)rm > 1. If µ /∈ G
1
m we proceed as in
the previous case. So suppose that µ ∈ G1m.
If ξ ∈ (supp h1θm(bm) ∩ G
1
m) \ {µ}, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the
middle point of ψm(ξ).
If ξ ∈ (supp h1θm(bm) \G
1
m) ∩ ω, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to c = p(hθm(bm), µ), d = q(hθm(bm), µ), ǫ = rm,
a = the middle point of ψm(µ) and B = smψm(θm) − φm+1(h
0
θm
(bm)) −∑
ξ∈P1\{µ}
a(hθm(bm), ξ)smpmzξ in order to obtain x ∈ T such that dx = a and cx ∈ B.
Since T is divisible, take zµ ∈ T such that
d(hθm (bm))
q(hθm (bm)
smpmzµ = x.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 3: hθm is of type 3.
Fix µ ∈ supp h1,1θm(bm) such that |p(hθm(bm), µ)|rm > q(hθm(bm), µ)pm. We can
suppose that µ ∈ G1m, otherwise we proceed as in Case 1.
If ξ ∈ (supp h1θm(bm) ∩ G
1
m) \ {µ}, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the
middle point of ψm(ξ).
If ξ ∈ (supp h1θm(bm) \G
1
m) ∩ ω, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to d = a(hθm(bm), µ)smpm, c = d(h
1
θm
(bm))pm, ǫ =
rm/(4sm), B = is the arc of same center as ψm(µ) and diameter ǫ and a =
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the middle point of smψm(θm)− φm+1(h
0
θm
(bm))−
∑
ξ∈P1\{µ}
a(hθm(bm), ξ)smpmzξ in
order to obtain zµ ∈ T such that czµ ∈ B and dzµ = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 4: hθm is of type 4.
Fix n ∈ supp h1,0θm(bm) such that q(hθm(bm), n)rm > sm. If n ∈ G
1
m, we proceed as in
Case 2. If n /∈ G1m, we proceed as follows:
If ξ ∈ (supp h1θm(bm) ∩G
1
m), let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to c = p(hθm(bm), n)sm, d = q(hθm(bm), n), ǫ = rm, a = 0 + Z
and B = smψm(θm) − φm+1(h
0
θm
(bm)) −
∑
ξ∈P1\{n}
a(hθm(bm), ξ)smpmzξ in order to
obtain x ∈ T such that dx = a and cx ∈ B. Since T is divisible, take zn ∈ T such
that
d(hθm (bm))
q(hθm (bm)
pmzn = x.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 5: hθm is of type 5.
Fix n ∈ supp h1,0θm(bm) such that |p(hθm(bm), n)|rm > 8n!q(hθm(bm), n)pm. If n ∈ G
1
m
we proceed as in Case 3. So suppose n /∈ G1m.
If ξ ∈ (supp h1θm(bm) ∩G
1
m), let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to d = a(hθm(bm), n)pmsm, c = d(h
1
θm
(bm)pmn!, ǫ = rm/(8sm),
B is the open arc of T centered at 0 + Z with length ǫ and a is the middle point
of smψm(θm) − φm+1(h
0
θm
(bm)) −
∑
ξ∈P1\{n}
a(hθm(bm), ξ)pmsmzξ in order to obtain
zn ∈ T such that czn ∈ B and dzn = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 6: hθm is of type 6.
Fix n ∈ supp h1,0θm(bm) \G
1
m such that n!pmrm > |hθm(bm)(n)|sm.
If ξ ∈ supp h1θm(bm) ∩ G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
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Apply Lemma 4.2 to d = d(h1θm(bm)pmn!, c = a(hθm(bm), n)sm, ǫ = rm, B =
smψm(θm)− φm+1(h
0
θm
(bm))−
∑
ξ∈P1\{n}
a(hθm(bm), ξ)smpmzξ and a = 0+Z in order
to obtain zn ∈ T such that czn ∈ B and dzn = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 7: hθm is of type 7.
Fix a > l(rm/(32sm), t), where t ∈ R \ Q witness that hθm is of type 7. Fix
n ∈ supp h1,0θm(bm) \G
1
m such that
∣∣∣hθm (bm)(n)n! a− ta∣∣∣ < rmpm32s2m .
If ξ ∈ supp h1θm(bm) ∩ G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.3 to c1 = a(hθm(bm), n)pm, c2 = d(h
1
θm
(bm)pmn!, ǫ = rm/(8s
2
m),
B˜1 = smψm(θm) − φm+1(h
0
θm
(bm)) −
∑
ξ∈P1\{n}
a(hθm(bm), ξ)smpmzξ, B1 is an open
arc such that smB1 = B˜1 and B2 is the open arc of T centered at 0 + Z with length
ǫ in order to obtain zn ∈ T such that smc1zn ∈ B˜1 and c2zn ∈ B2.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 8: hθm is of type 8.
Fix n ∈ supp h1,0θm(bm) \G
1
m such that |hθm(bm)(n)|rm > 8pmn!.
If ξ ∈ supp h1θm(bm) ∩ G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to d = a(hθm(bm), n)smpm, c = d(h
1
θm
(bm)pmn!, ǫ = rm/(8sm),
B is the the open arc of T centered at 0 +Z with length ǫ and a is the middle point
of smψm(θm) − φm+1(h
0
θm
(bm)) −
∑
ξ∈P1\{n}
a(hθm(bm), ξ)smpmzξ in order to obtain
zn ∈ T such that czn ∈ B and dzn = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 9: hθm is of type 9.
If ξ ∈ supp h1θm(bm)∩G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle point
of ψm(ξ).
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
If n ∈ (supp h1θm(bm) \ G
1
m) ∩ ω, let An ∈ B be centered at 0 + Z with length
rm/(4sm+1n!).
COUNTABLY COMPACT GROUP TOPOLOGIES WITH CONVERGENT SEQUENCES 19
Since
∑
n∈ω\G1m
|a(hθm(bm), n)|smpmδ(An) =
∑
n∈ω\G1m
|hθm (bm)(n)|
n!
rm
4
≥
| supp h1,0θm(bm) \ G
1
m|min
{
|hθm (bm)(n)|
n!
: n ∈ supp hθm(bm)
}
rm
4
> 1, it follows that∑
n∈ω\G1m
a(hθm(bm), n)smAn = T.
There exists zn ∈ An such that
∑
ξ∈ω\G1m
a(hθm(bm), n)smzn ∈ smψm(θm) −
φm+1(h
0
θm
(bm))−
∑
ξ∈P1\(ω\G1m)
a(hθm(bm), ξ)pmsmzξ for each n ∈ supp h
1,0
θm
(bm) \G
1
m.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 10: hθm is of type 10.
Fix n ∈ supp h1,0θm(bm) \G
1
m such that n!rm > |hθm(bm)(n)|sm.
If ξ ∈ supp h1θm(bm) ∩ G
1
m, let zξ ∈ T be such that d(h
1
θm
(bm))pmzξ is the middle
point of ψm(ξ).
If ξ ∈ [(supp h1θm(bm) \G
1
m) ∩ ω] \ {n}, set zξ = 0 + Z.
If ξ ∈ supp h1θm(bm) \ (G
1
m ∪ ω), let zξ be any element of T.
Apply Lemma 4.2 to d = d(h1θm(bm))pmn!, c = a(hθm(bm), n)smpm, ǫ = rm,
B = smψm(θm) − φm+1(h
0
θm
(bm)) −
∑
ξ∈P1\{n}
a(hθm(bm), ξ)smpmzξ and a = 0 + Z
in order to obtain zn ∈ T such that czn ∈ B and dzn = a.
For each ξ ∈ supp h1θm(bm), let ψm+1(ξ) ∈ B be the open arc of T centered at zξ
satisfying (7).
Case 11: hθm is of type 11.
If ξ ∈ supp h1θm(bm), let ψm+1(ξ) be an element of B satisfying (6), (7) and (11).
Let vm = cm+1
∏
k<m d(h
0
θk
(bk)). Use the divisibility of T to extend φm to a group
homomorphism φ˜m+1 : 〈{Λ(ξ,n),vm : (ξ, n) ∈ G
0
m+1}〉 → T.
Fix (µ, l) ∈ supp h0θm(bm) such that q(hθm(bm), (µ, l))rm > vm. If (ξ, n) ∈
G0m+1 \ {(µ, l)}, let x(ξ,n) ∈ T be such that d(h
0
θm
(bm))x(ξ,n) = φ˜m+1(Λ(ξ,n),vm).
Apply Lemma 4.2 by using c = p(h0θm(bm)(µ)), d = q(h
0
θm
(bm)(µ)), ǫ = rm/vm,
a = φ˜m+1(Λ(µ,l),vm) B˜ = smψm(θm)−
∑
(ξ,n)∈(P0×ω)\{(µ,l)}
a(h0θm(bm), (ξ, n))vmx(ξ,n) −∑
ξ∈P1
a(hθm(bm), ξ)smpmzξ and B be an open arc such that vmB = B˜ where zξ is
the middle point of ψm+1(ξ) for every ξ ∈ supp h
1
θm
(bm), in order to obtain x ∈ T
such that dx = a and cx ∈ B. Let x(µ,l) ∈ T be such that
d(h0
θm
(bm)(µ))
q(h0
θm
(bm)(µ))
x(µ,l) = x.
Extend φ˜m+1 to a group homomorphism φm+1 : 〈{Λ(ξ,n),vmd(h0θm (bm))
: (ξ, n) ∈
G0m+1}〉 → T such that φm+1(Λ(ξ,n),vmd(h0θm (bm))
) = x(ξ,n) for every (ξ, n) ∈ G
0
m+1.
Case 12: hθm is of type 12.
In this case, supp h1θm(bm) = ∅. Note that {h
0
θm
(bm)} ∪ {Λ(ξ,n),cm
∏
k<m d(h
0
θk
(bk)) :
(ξ, n) ∈ G0m} is an independent subset of the group (Q/Z)
((P0∩E)×ω). Since
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o(hθm(bm)) = o(yθm), we can extend φm to a group homomorphism φm+1 :
〈{Λ(ξ,n),cm+1
∏
k<m+1 d(h
0
θk
(bk)) : (ξ, n) ∈ G
0
m+1}〉 → T satisfying (10). 
By induction, we have rm+1 > 0, bm ∈ Rθm , G
0
m+1 ∈ [P0 × ω]
<ω, G1m+1 ∈ [P1]
<ω,
φm+1 : 〈{Λ(µ,l),cm+1
∏
k<m+1 d(h
0
θk
(bk)) : (µ, l) ∈ G
0
m+1}〉 → T and ψm+1 : G
1
m → B
satisfying (1)-(11) for every m ∈ ω.
Since T is a divisible group, it is possible to extend
⋃
m∈ω φm to a group
homomorphism φ0α,E : (Q/Z)
((P0∩E)×ω) → T.
Since T is a complete metric space and (rm : m ∈ ω) is a sequence of positive real
numbers converging to 0, we conclude from (1), (6) and (7) that if ξ ∈ P1 ∩E, then⋂
m≥Nξ
smψm(ξ) =
⋂
m≥Nξ
smψm(ξ) is a one-element set, where Nξ = min{m ∈ ω :
ξ ∈ G1m}. Denote by φ
1
α,E(χξ) the unique element of this set. If m ≥ Nξ, then there
exists a unique element of ψm(ξ) whose multiplication by sm is equal to φ
1
α,E(χξ).
Denote this element by φ1α,E
(
1
sm
χξ
)
. The divisibility of T allows us to extend φ1α,E
to a group homomorphism whose domain is Q(P1∩E) and whose range is T.
Define φα,E : (Q/Z)
((P0∩E)×ω) ⊕ Q(P1∩E) → T by φα,E(H0, H1) = φ
0
α,E(H0) +
φ1α,E(H1) for every (H0, H1) ∈ (Q/Z)
((P0∩E)×ω) ⊕ Q(P1∩E). It remains to show that
(i)-(iv) are satisfied.
If H1 = 0, then φα,E(Hα) = φ
0
α,E(H0) = φ0(H0) 6= 0 + Z. If H1 6=
0, then φα,E(Hα) ∈ φ0(H0) +
∑
ξ∈P1
a(Hα, ξ)ψ0(ξ). Since 0 + Z 6∈ φ0(H0) +∑
ξ∈P1
a(Hα, ξ)ψ0(ξ), (i) holds.
If ξ ∈ E, set Iξ = {m ∈ ω : ξ = θm} and Sξ = {bm : m ∈ Iξ}. It is clear that
Sξ ∈ [Rξ]
ω. We will show that if ξ ∈ E∩J1 (respectively, ξ ∈ E∩
⋃
n∈D Jn), then the
sequence (φα,E(hξ(n)) : n ∈ Sξ) converges to φα,E(0, χξ) = φ
1
α,E(χξ) (respectively,
φα,E(yξ, 0) = φ
0
α,E(yξ)).
Fix ξ ∈ E ∩ J1. Since φα,E(hθm(bm)) is an element of the arc φm+1(h
0
θm
(bm)) +∑
ξ∈P1
a(hθm(bm), ξ)smpmψm+1(ξ) and φα,E(0, χθm) ∈ smψm+1(θm), it follows from (7)
and (8) that δ(φα,E(hθm(bm)), φα,E(0, χθm)) ≤
∑
ξ∈P1
|a(hθm(bm), ξ)|
rm+1
d(h1
θm
(bm))
+ rm <
2rm. It follows from rm → 0 that (ii) holds.
It follows from (10) that if ξ ∈ E ∩
⋃
n∈D Jn, then the sequence (φα,E(hξ(n)) : n ∈
Sξ) converges to φ
0
α,E(yξ) = φα,E(yξ, 0). So, (iii) holds.
Fix p ∈ Z \ {0}. Let ǫ > 0 be given. There exists j such that p|sj and rj < ǫ. Let
n ∈ ω \ G1j and let m ≥ j be the first number such that n ∈ G
1
m+1. By definition,
φα,E
(
0, 1
sm+1
χn
)
∈ ψm+1(n), therefore, by (11), n!φα,E
(
0, 1
sm
)
⊂ (− rm
sm
, rm
sm
) + Z.
Then, multiplying by sm
p
, n!φα,E
(
0, 1
sm
)
⊂ (− rm
|p|
, rm
|p|
) + Z ⊂ (−rm, rm) + Z, so (4)
follows.
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
Lemma 4.6. Let α < c. For each ξ ∈ J1 ∪
⋃
n∈D Jn, consider Rξ ∈ [ω]
ω. There
exists a group homomorphism φα : (Q/Z)
(P0×ω) ⊕Q(P1) → T satisfying the following
conditions:
(i) φα(Hα) 6= 0 + Z;
(ii) for each ξ ∈ J1, there exists Sξ ∈ [Rξ]
ω such that the sequence (φα(hξ(n)) :
n ∈ Sξ) converges to φα(0, χξ);
(iii) for each ξ ∈
⋃
n∈D Jn, there exists Sξ ∈ [Rξ]
ω such that the sequence
(φα(hξ(n)) : n ∈ Sξ) converges to φα(yξ, 0);
(iv) for each p ∈ Z\{0}, the sequence
(
φα
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to 0+Z.
Proof. According to Proposition 4.1, there exists E ∈ [c]ω such that suppHα ⊂
(E × ω) ∪ E, |E ∩ (J1 ∪
⋃
n∈D Jn)| = ω, ω ⊂ E and
⋃
n∈ω supp hξ(n) ⊂ (E × ω) ∪ E
for every ξ ∈ E ∩ (J1 ∪
⋃
n∈D Jn).
It follows from Lemma 4.4 that there exists a group homomorphism φα,E :
(Q/Z)((P0∩E)×ω) ⊕Q(P1∩E) → T satisfying the following conditions:
(1) φα,E(Hα) 6= 0 + Z;
(2) for each ξ ∈ E ∩ J1, there exists Sξ ∈ [Rξ]
ω such that the sequence
(φα,E(hξ(n)) : n ∈ Sξ) converges to φα,E(0, χξ);
(3) for each ξ ∈ E ∩
⋃
n∈D Jn, there exists Sξ ∈ [Rξ]
ω such that the sequence
(φα,E(hξ(n)) : n ∈ Sξ) converges to φα,E(yξ, 0);
(4) for each p ∈ Z \ {0}, the sequence
(
φα,E
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to
0 + Z.
Let {αξ : ξ < c} be a strictly increasing enumeration of c\E. Choose Sα0 ∈ [Rα0 ]
ω
such that {φα,E(hα0(n)) : n ∈ Sα0} is convergent. Note that this is possible, since T
is sequentially compact.
If α0 ∈ J1, denote by φ˜α,E∪{α0}(0, χα0) the limit point of (φα,E(hα0(n)) : n ∈ Sα0)
and put φ˜α,E∪{α0}(H0, H1) = φα,E(H0, H1) for every (H0, H1) ∈ (Q/Z)
((P0∩E)×ω) ⊕
Q(P1∩E). Since T is divisible, it is possible to extend φ˜α,E∪{α0} to a group
homomorphism φα,E∪{α0} : (Q/Z)
((P0∩E)×ω) ⊕Q((P1∩E)∪{α0}) → T.
If α0 ∈ ∪n∈DJn, denote by φ˜α,E∪{α0}(yα0 , 0) the limit point of (φα,E(hα0(n)) :
n ∈ Sα0) and put φ˜α,E∪{α0}(H0, H1) = φα,E(H0, H1) for every (H0, H1) ∈
(Q/Z)((P0∩E)×ω) ⊕ Q(P1∩E). Since T is divisible, it is possible to extend φ˜α,E∪{α0}
to a group homomorphism φα,E∪{α0} : (Q/Z)
(((P0∩E)∪{α0})×ω) ⊕Q(P1∩E) → T.
Repeating this construction inductively, we obtain a group homomorphism φα :
(Q/Z)(P0×ω) ⊕Q(P1) → T satisfying (i)-(iv). 
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The assumption p = c together with Lemma 4.6 implies Proposition 2.4, which
will be restated and proved below.
Proposition 2.4 (p = c). For each α < c and each ξ ∈ J1 ∪
⋃
n∈D Jn there exists
Sξ,α ∈ [ω]
ω such that if α < β < c, then Sξ,β ⊂
∗ Sξ,α. There also exists a group
homomorphism φα : (Q/Z)
(P0×ω) ⊕Q(P1) → T satisfying the following conditions:
(i) φα(Hα) 6= 0 + Z;
(ii) if ξ ∈ J1, then the sequence (φα(hξ(n)) : n ∈ Sξ,α) converges to φα(0, χξ);
(iii) if ξ ∈
⋃
n∈D Jn, then the sequence (φα(hξ(n)) : n ∈ Sξ,α) converges to
φα(yξ, 0);
(iv) for each p ∈ Z\{0}, the sequence
(
φα
(
0, 1
p
n!χn
)
: n ∈ ω
)
converges to 0+Z.
Proof. For each ξ ∈ J1 ∪
⋃
n∈D Jn, put Rξ,0 = ω. Applying Lemma 4.6 to
α = 0 and Rξ = Rξ,0, we obtain Sξ,0 ∈ [Rξ,0]
ω and a group homomorphism
φ0 : (Q/Z)
(P0×ω) ⊕Q(P1) → T satisfying (i)-(iv).
Fix β < c and suppose that Sξ,γ ∈ [ω]
ω is defined for every γ < β so that Sξ,δ ⊂
∗ Sξ,ǫ
for all ǫ < δ < β and ξ ∈ J1 ∪
⋃
n∈D Jn. Suppose also that we have constructed a
group homomorphism φγ : (Q/Z)
(P0×ω) ⊕ Q(P1) → T satisfying (i)-(iv). We will
show that it is possible to choose Sξ,β ∈ [ω]
ω so that Sξ,β ⊂
∗ Sξ,γ for all γ < β and
ξ ∈ J1 ∪
⋃
n∈D Jn and that it is also possible to construct a group homomorphism
φβ : (Q/Z)
(P0×ω) ⊕Q(P1) → T satisfying (i)-(iv).
If β is a successor ordinal — say, β = γ + 1 — put Rξ,β = Sξ,γ for every
ξ ∈ J1 ∪
⋃
n∈D Jn and apply Lemma 4.6 to α = β and Rξ = Rξ,β. If β is a limit
ordinal then consider, for each ξ ∈ J1 ∪
⋃
n∈D Jn, the family {Sξ,γ : γ < β}. By
inductive hypothesis, this family has the SFIP and, since we are assuming p = c, it
has a pseudointersection Rξ,β. Then, apply Lemma 4.6 to α = β and Rξ = Rξ,β. 
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